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A new scalar-tensor theory of gravity induced by dynamically broken scale invariance is proposed,
and its cosmological implications are discussed. It is found that the model admits an inflation via
the Hawking-Moss bubbling, but the inflation rate remains undetermined due to the strong gravity
limit. In light of this, scale-invariant metric perturbations having a dominant tensor component can
be generated without slow-rollover. In addition, the deviation from the standard hot big-bang is
vanishingly small after inflation.
PACS numbers: 04.50.+h, 98.80.Cq
Einstein gravity (EG) agrees extremely well with ex-
perimental data. Nevertheless, it is not unreasonable to
ponder other alternative or modified theories for gravity.
Theoretically, the symmetry of general transformations
of space-time coordinates, which dictates EG, is not guar-
anteed as the ultimate symmetry of space-time. Further-
more, while we believe that a theory of gravity should be
a self-consistent quantum field theory, EG is not renor-
malizable [1]. On the cosmological side, we know that
the big bang model, which is based on EG, has severe
cosmological problems, despite its great success in mod-
ern cosmology. Although these problems can be circum-
vented by introducing an inflationary epoch in the early
universe, a convincing microscopic origin for the slow-roll
mechanism in new inflationary models is still lacking [2].
Among many modifications of EG, Brans-Dicke grav-
ity (BDG) is the most popular one. Brans and Dicke,
based on Mach’s principle, introduced a scalar field φˆ
nonminimally coupled to the scalar curvature R, whose
vacuum expectation value (vev) manifests as the effec-
tive gravitational constant G [3]. As a consequence, G
is no longer a physical constant and may change with
time. This leads to models of so-called induced gravity
in which an effective potential V (φˆ) is added to account
for the evolution of G [4]. Recently, BDG was applied
as a new approach to inflationary cosmology, designated
the extended inflation, which attempted to give the old
inflation a graceful exit [5]. Later analyses showed that a
successful extended inflation would require a non-trivial
V (φˆ) or higher-order couplings of φˆ to R [6], thus ren-
dering the approach more or less artificial.
In this Letter, we propose a new scalar-tensor theory
of gravitation, based on scale invariance of space-time.
We begin with the action,
SG =
∫
d4x
√
g
[
−1
2
ξφˆ2R+
1
2
gµν φˆ;µφˆ;ν +
λ
4!
φˆ4
]
, (1)
for pure gravity, with signature (−,+,+,+) and ξ = 1/6,
where the semicolons denote taking covariant derivative.
The action is invariant under the scale transformations:
gµν → Ω2(x)gµν , and φˆ → Ω−1(x)φˆ. This is in fact the
Weyl gravity (WG) [7]. As is well known, WG is not
physically acceptable because quantum phenomena pro-
vide an absolute standard of length. This can be resolved
by either simply introducing a scale invariance breaking
term such as a mass term for φˆ [8] or supposing that the
Einstein equations refer to an space-time interval con-
necting two neighbouring points which is not the same
as the interval measured by atomic apparatus [9]. Here
we will follow the former wisdom, but instead formulate
a scheme for breaking the scale invariance dynamically.
This requires finding the quantum corrections of the ac-
tion SG. Since SG has a fixed value of ξ and a negative
kinetic term for φˆ, it is generically different from BDG or
induced gravity. The reader might worry that the model
is tachyonic. As we will see below, a scrutiny shows that
φˆ is an auxiliary field and its one-loop effective poten-
tial can be well defined. As a consequence, the classical
scalar field dynamics is similar to that in induced gravity,
except that the kinetics of φˆ contributes an effective neg-
ative stress-energy to the energy-momentum tensor. This
peculiarity render the model a distinct feature that might
shed a new light on understanding the inflation physics.
Other issues, such as metric perturbations, varying gravi-
tational constant, and the cosmological constant will also
be briefly discussed.
If we were living in a pure-gravity space-time, the phys-
ical laws in it would be well described by WG. In fact,
the pure WG (1) is equivalent to the EG plus a cosmolog-
ical constant. This can be seen by simply choosing the
Einstein gauge: φˆ2 = (3/4π)M2P , where MP is Planck
mass. Thus, we can treat WG as a generalization of EG
that admits space-time varying gravitational ‘constant’
and cosmological ‘constant’. To prove this rigorously,
we perturb the Lagrangian (1) around the ground-state
background:
1
gµν = ηµν + φ
−1hµν , φˆ = φ+ σ, (2)
where ηµν is a flat space-time, and φ is a constant back-
ground field. Redefining ρµν = hµν + 2σηµν , we find
that the spectrum consists of a graviton ρµν with a mass
induced by the non-zero vacuum energy, as well as an
auxiliary field σ that can be eliminated at the quadratic
level. This spectrum has no difference from the EG’s.
We thus establish the first result: the Weyl scalar field,
unlike Brans-Dicke’s or other induced-gravity models’, is
a non-dynamical degree of freedom.
Now we evaluate the one-loop effective potential for
φ by using the background field method [10]. After the
expansion (2) up to terms quadratic in the quantum fields
hµν and σ, we add the gauge fixing term,
Lgf = 1
2α
(∂µhµρ − 1
2
∂ρh
µ
µ)
2 +
1
2β
(∂µσ)
2, (3)
where α and β are arbitrary parameters. In the one-
loop level, the ghost fields do not couple with other fields
and thus can be neglected. Integrating out the quantum
fields, we obtain the unrenormalized one-loop effective
potential
V (φ) =
λφ4
4!
+ 3Tr ln
(
q2 +
1
2
λφ2
)
+ f(α, β), (4)
where q is a four-momentum, and the last term is gauge-
choice dependent with f(0, 0) = 0. Henceforth, we choose
the Laudau-DeWitt gauge, α = β = 0 [11]. Then, the
standard renormalization procedure [12] gives the renor-
malized effective potential,
V (φ) =
κλ2φ4
64π2
(
2 ln
φ
v
− 1
2
)
+ Λ, (5)
where κ = 3/2 [13], and v =
√
3/4πMP . Also, we have
chosen the vev 〈φ〉 = v and Λ = κλ2v4/(128π2) such that
V (v) = 0 and its first derivative V ′(v) = 0. Apparently,
this potential breaks the scale-invariance symmetry, and
the vev determines the ground-state gravitational con-
stant GN = 3/(4πv
2).
Since φ originates from the scaling of space-time, we
do not expect that it couples directly to classical matter.
Thus, we write down the action of the universe as SU =
S˜G + SM , where S˜G is the effective gravity action given
by (1) except replacing the quartic potential with V (φ),
and SM is the action for classical matter. By varying
SU with respect to g
µν and φ respectively, we obtain the
field equations,
1
6
φ2
(
Rµν − 1
2
Rgµν
)
= −
(
T µνφ + T
µν
M
)
, (6)
T µνφ = −φ;µφ;ν +
1
2
φ;ρφ;ρg
µν − 1
6
(φ2);ρ;ρg
µν
+
1
6
(φ2);µ;ν + gµνV (φ), (7)
φ;µ;µ +
1
6
φR − V ′(φ) = 0, (8)
where Rµν is the Ricci tensor, and T µνM is the matter
stress-energy defined by 2δSM =
∫
d4x
√
gT µνM δgµν . Note
that T µνφ is negative. It can be shown from the field
equations that
T µνM ;ν = 0, (9)
−gµνT µνM = 4V (φ) − φV ′(φ). (10)
Let us assume Robertson-Walker space-time and a
perfect-fluid form for matter:
dτ2 = dt2 − a2(t)
[
dr2
1− kr2 + r
2dΩ2
]
, (11)
T µνM = pg
µν + (ρ+ p)UµUν , (12)
where a(t) is the cosmic scale factor, ρ and p are respec-
tively the matter energy density and pressure, and Uµ
is the four-velocity with UµUµ = −1. Then, from the
field equations and Eqs. (5), (9) and (10), we obtain the
following evolution equations,
a˙2
a2
+ 2
a˙
a
φ˙
φ
=
2
φ2
[
− φ˙
2
2
− V (φ) + ρ
]
− k
a2
, (13)
φ¨+ 3
a˙
a
φ˙+
(
a¨
a
+
a˙2
a2
+
k
a2
)
φ+ V ′(φ) = 0, (14)
dp
dt
a3 =
d
dt
[
a3(ρ+ p)
]
, (15)
ρ− 3p = 4V (φ)− φV ′(φ) = 4Λ
(
1− φ
4
v4
)
, (16)
where the dot represents time differentiation.
The evolution of φ is a damped motion in an effective
potential U(φ) = −φ2R/12 + V (φ). U(φ) will have a
maximum at φ1 and a global minimum at φ0 such that
φ1 < v/
√
e < φ0 < v if
−R < 3κλ2v2/(16π2e 12 ). (17)
Suppose initially φ is located at the local minimum φ = 0.
Then, Eqs. (13) and (16) imply that ρ = −p = Λ. Usu-
ally, this equation of state signifies an exponential growth
of a. But, in the strong gravitational coupling limit (i.e.,
φ << v) such as here, H ≡ a˙/a is arbitrary. As the equa-
tion of state is homogeneous in space-time, we assume the
metric be the maximally symmetric de Sitter space with
R = −12H¯2, where H¯ is a constant parameter only sub-
ject to the constraint (17). As such, φ will make a quau-
tum tunneling through the barrier, ∆U = U(φ1)−U(0),
via the Hawking-Moss (HM) homogeneous bubble solu-
tion [16–20]: the universe undergoes a quantum tran-
sition everywhere to φ = φ1. It is interpreted as that
the bubble nucleation occurs in a spatially homogeneous
manner over a region of the order of the event horizon
H¯−1, from which the whole of the presently observed uni-
verse would have developed [21]. This has been criticized
by several authors [18]. However, our point of view is that
2
one cannot jump into any conclusion until the ambigu-
ity of interpretation of the results of Euclidean approach
to this tunneling problem has been clarified. (See also
Ref. [20].) In the following, we will adopt HM’s inter-
pretation and explore the consequences to the present
context. The tunneling probability per unit four-volume
is of the order of H¯4e−B, where
B =
8π2
3
∆U
H¯4
=
64π4
3κλ2
ln−1
v
φ1
(
1− 1
4
ln−1
v
φ1
)
. (18)
Thus, a small λ would induce a huge tunneling action,
and the causal region could easily inflate so large as to
solve the cosmological problems.
After inflation, φ will roll quickly down the potential
with critical damping towards φ0. During the radiation-
dominated (RD) era, the trace condition (16) simply
reads φ = v. Thus, the evolution of the universe has
no difference from the standard big-bang. In the matter-
dominated (MD) epoch, the evolution equations can be
rewritten as(
1− 1
2H
G˙
G
)2
= ΩM − Ωφ, (19)
1− φ
4
v4
=
ρ0
4Λ
(a0
a
)3
, (20)
G˙
G
=
3
2
(
1− v
4
φ4
)
H, (21)
where the curvature term has been neglected, ρ0 is the
present energy density, and we have defined
G ≡ 3
4πφ2
, ΩM ≡ 8πGρ
3H2
, Ωφ ≡ 8πGV (φ)
3H2
. (22)
¿From this we deduce that the discrepancy from the
standard big-bang is measured by the factor ρ0/Λ ≃
10−118λ−2ΩM 0h
2
0, which would be almost a zero unless λ
is fine-tuned. Below we will show that galaxy formation
would require λ to be about 10−2. Thus, after inflation
G is practically equal to the gravitational constant GN .
Also, if we identify Ωφ as the cosmological constant, then
the latter would be almost vanishing.
Now we turn to estimate the metric perturbations gen-
erated during the HM bubble nucleation. For scalar per-
turbation, one needs to calculate the quantity (δρ)k/(ρ+
p) at the time the Fourier mode with wavenumber k
crosses outside the horizon during inflation [22]. ¿From
the evolution equations, we find that ρ + p ∼ φ˙2 for
φ < φ1. On the other hand, the HM solution reflects
the fact that the most probable quantum fluctuation will
only just get over the potential barrier [21]. It means
that the de Sitter thermal fluctuation of the field repre-
sented by φ˙2 should be approximately equal to ∆U . (See
also Ref. [23].) To find (δρ)k, we compute the spectral
energy density of quanta produced during the transition
of φ by solving the equation of motion for its fluctuation
δφ(t, ~x),
δ¨φ+ 3H¯ ˙δφ+ U ′′(φ)δφ − a−2∇2δφ = 0. (23)
We approximate the transition as a sudden process:
U ′′(φ) is equal to U ′′(0) and U ′′(φ1) respectively before
and after the transition. Following the standard Bogoli-
ubov transformation [24], we find that after the transition
the (δρ)k at horizon crossing is approximately given by
H¯4 for cosmologically interesting scales. Hence, when the
mode crosses back inside the horizon during the MD era,
the scalar perturbation is
(δρ)k
ρ
∣∣∣∣
hor
∼ H¯
4
∆U
=
8π2
3B
. (24)
This scale-invariant result is similar to that given in
Ref. [23]. As is well known, in standard Einstein gravity
the amplitude of tensor perturbation behaves as a mass-
less, minimally coupled scalar field, and their Fourier
modes are related by hk =
√
16πGNψk [25]. As such,
the production of tensor mode hk in inflationary cosmol-
ogy can be computed from the quantum fluctuation of ψk
during inflation and its consequent evolution. The result
for an exponential inflation is a scale-invariant spectrum
with amplitude
√
GN H¯ [26]. This analysis could be di-
rectly applicable here only if we replaceGN by G. Hence,
when a tensor mode re-enters the horizon during the MD
era, G equals to GN and the mode amplitude is
hk|hor ∼ G
1
2
N H¯. (25)
Here the novelty is that the scalar and tensor pertur-
bations depend respectively on two unrelated parame-
ters, λ and H¯. Thus, they would independently induce
temperature fluctuations in the cosmic microwave back-
ground (CMB). From the recent COBE measurement
of the CMB large-scale anisotropy, ∆T/T ∼ 10−5 [27],
Eqs. (24) and (25) imply that
λ <∼ 10
−2
√
c, and H¯/MP
<
∼ 10
−5, (26)
where c is a logarithmically dependent factor. While al-
most all inflation models have negligible tensor contribu-
tion for a scale-invariant spectrum [28], the tensor mode
produced here can easily dominate the scalar mode by
suitably tuning λ and H¯. In particular, it was recently
pointed out that the CMB large-scale anisotropy could
be due in part to the tensor perturbation [29].
In conclusion, we have attempted to include the scale-
invariance as a fundamental symmetry of space-time.
This results in a new scalar-tensor theory of gravitation.
It can be realized as a Brans-Dicke model with a neg-
ative BD parameter. Our model has a very interesting
cosmology. Firstly, it naturally incorporates a modified
Hawking-Moss homogeneous inflation in which the Hub-
ble expansion parameter is not fixed by the vacuum en-
ergy. While the interpretation of the HM solution is not
without arbitrariness, we proceeded to estimate the met-
ric perturbations produced during the HM inflation. We
have found that both the scalar and tensor perturbations
3
have scale-invariant spectra but their amplitudes are in-
dependent of each other. In light of this, the CMB large-
scale anisotropy might be mainly induced by the tensor
mode. Secondly, if both the time variation of the gravita-
tional constant and the non-vanishing of the cosmologi-
cal constant are ascribed to a single theory of gravitation,
our model would suggest that they are in fact exceedingly
small after inflation. Here we have provided neither a de-
tailed picture of how the universe changes from one phase
to another, nor a systematic method of calculating the
metric perturbations generated during the HM inflation.
The work about these is in progress.
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